UNCLASSIFIED 


INCOMPLETE  LIPSCH1TZ-HANKEL  INTEGRALS  OF  MCDONALD 
FUNCTIONS(U)  NAVAL  RESEARCH  LAS  WASHINGTON  DC 
A  R  HILLER  IS  HAR  GO  NRL-9112 


«  -  *  • 

•  • 


SECURITY  CLASSIFICATION  0  =  th  S  PAGE 

REPORT  DOCUMENTATION  PAGE 

la  REPORT  SECURITY  CLASSIFICATION  1  lb  RESTRICTIVE 


form  Approved 
OMB  No  0704 -Q 188 


la  REPORT  SECURITY  CLASSIFICATION 

UNCLASSIFIED _ 

2d  SECURITY  CLASSIFICATION  AO'ThOR'TY 
2b  DECLASSIFICATION  '  DOWNGRADING  SCHEDULE 

4  PERFORMING  organization  report  numbYr($) 

NRL  Report  9112 


3  DISTRIBUTION 'AVAILABILITY  OF  REPORT 

Approved  for  public  release;  distribution  unlimited. 

5  MONITORING  ORGANIZATION  REPORT  NUMBER(S) 


6a  NAME  OF  PERFORMING  ORGANIZATION  6b  OFFICE  SYMBOL  7a  NAME  OF  MONITORING  ORGANIZATION 

(If  applicable) 

Naval  Research  Laboratory  Code  2303 


Naval  Research  Laboratory 

6c  ADDRESS  (City,  State,  and  ZIP  Code) 


Washington  DC  20375-5000 

8a  NAME  OF  FUNDING /SPONSORING 
ORGANIZATION 

Naval  Research  Laboratory 

8c  ADDRESS  (City,  State,  and  ZIP  Code) 

Washington  DC  20375-5000 


7b  ADDRESS  {City,  State,  and  ZIPCode) 


18b  OFFICE  SYMBOL  I  9  PROCUREMENT  INSTRUMENT  IDENTIFICATION  NUMBER 
(If  applicable) 


Code  2303 


10  SOURCE  OF  FUNDING  NUMBERS 
PROGRAM  1  PROJECT  f 


1?  TITLE  (Include  Security  Classification) 

Incomplete  Lipschitz-Hankel  Integrals  of  MacDonald  Functions 


PROJECT 

TASK 

NO 

NO 

WORK  UNIT 
ACCESSION  NO 


12  PERSONAL  AUTHOR(S) 

Miller,  Allen  R. 

13a  TYPE ~OF  REPORT 

Final _ 

16  SUPPLEMENTARY  NOTATION 


17 

COSATI  CODES 

FIELD 

GROUP 

SUBGROUP 

13b  TIME  COVERED  14  DATE  OF  REPORT  (Year,  Month,  Day)  15  PAGE  COUNT 

FROM  1/87  TO  5/87  1988  March  15  15 


18  SUBJECT  TERMS  (Continue  on  reverse  if  necessary  and  identify  by  block  number) 


1 - 1  Hypergeometric  functions  — 

19  ABSTRACT  (Conf/nue  on  reverse  if  necessary  and  identify  by  block  number) 

Various  representations  for  incomplete  Lipschitz-Hankel  integrals  of  MacDonald  functions  have  been 
given  in  closed  form  using  Kampe  de  Feriet  double  hypergeometric  functions.  In  addition,  reduction  formu¬ 
las  for  the  Kampe  de  Fe'riet  functions  associated  with  these  integrals  have  been  derived  in  some  cases. 


120  DlSTRlBU'iON  A  V  An  AB'lC  Y  O-  ABSTRAC' 

C3  UNCLASSIFIED  JNUMi'ED  □  SAME  AS  R»T 
.  ,  NAME  O'  RFSPONSlHiF  iND.'DjA. 

■\lien  R.  Miller 

DD  Form  1473,  JUN  86 


2’  ABSTRACT  SECUR'I*  Class, ‘HATION 

□  D-:F  USERS  UNCLASSIFIED _ _ 

22b  T  r.  I  "MOV  f/nc.Uf,  A'e<»  C-a,  )  I  22(  :  -  ■  " 

(202)  767-2215  I  Code  230- 

•■■i-Tiont  ■‘'MOfetP  r  "■  .  ASS ' 


ti! 

I'!' 


r*$ »C|j ■.*'**.«*< :«*i  «•*  «•»  ■ 


.* ‘i J^a  I ■*  *»-  it.  | 


CONTENTS 


INTRODUCTION 


PRELIMINARY  RESULTS  AND  DEFINITIONS 


REPRESENTATION  FOR  Ke  (a,z ),  |  a  |  <1  .  3 

REPRESENTATIONS  FOR  Ke  (a,  z),  \  a\  <  oo  .  4 

REPRESENTATIONS  FOR  Ks  (a ,  z ),  Kc  (a ,  z)  .  6 


REDUCTION  FORMULAS 


GENERALIZATION  OF  Ke  (a,  z)  .  9 

CONCLUSION  .  11 

REFERENCES  .  11 


|  Ancestor!  for  j 

;  nt.7T»a&i  \f~~ 
;  dtic  tas 

I  L-'.’ 

I  ■  K.i 


Dr'  { '  *rri  io*  ■  / 


w-ro’j.rv  . 


i  i  o; 


Sotcic! 


M  i 


\  *  f<> 


v!«M» 

•i*!. 

IIW. 

Is? 

m 


1 
Ns 

if 

m 


I 


$ 


INCOMPLETE  LIPSCHITZ-HANKEL  INTEGRALS 
OF  MACDONALD  FUNCTIONS 


INTRODUCTION 

An  incomplete  Lipschitz-Hankel  integral  of  MacDonald  functions  Kv(z)  may  be  defined  as  the 
following  function  of  two  complex  variables: 

Ke(a,z)  =  fQemt'Kjit)dt.  (1) 

Here  the  symbol  e  denotes  the  presence  of  the  exponential  function  and  v  may  be  complex.  Analo¬ 
gously,  we  may  define  integrals  which  contain  the  functions  sin  (at)  and  cos  (at)  in  place  of  exp  (at): 

Ks  (a,  z)  =  sin  (at)t“K v(t)dt 


Kc  (a,  z)  =  cos  (at)tpK  ,(t)dt .  (2) 

To  assure  convergence  of  the  integrals  in  Eqs.  (1)  and  (2),  it  is  necessary  that  Re  c  >  -1/2. 
Ks  (a,  z)  converges  for  Re  v  >  - 1 . 

Agrest  and  Maksimov  [1]  have  found  representations  for  Ke  (a,  z)  by  using  incomplete  cylindri¬ 
cal  functions.  In  this  report  we  derive  representations  for  Ke(a,z),  Ks(a,z).  and  Kt(a.z)  by 

using  Kampe  de  Feriet  double  hypergeometric  functions.  We  then  give  a  representation  for  a  general¬ 

ization  of  Ke  (a ,  z). 

PRELIMINARY  RESULTS  AND  DEFINITIONS 

To  begin,  we  state  some  well-known  results  that  are  found  in  Refs.  2  or  3: 

f  t^K^t )dt  =  0 1  +  v  -  l)zAr(,(z)j(1_| ,„_i(z)  -  ztf„-.|(z)sM,„(z)  (3) 

f  t^K^Ddt  =  (n  +  v  -  \)zK )S^_ ,  |(z )  -  zA->_,(z)Sm  ,(z)  (4) 


where  the  v  are  Lommel  functions: 


(ft  +  v  +  l)(ji  —  v  +  1)  1 


1; 


ft  —  v  +  3  ft  +  v  +  3 


When  either  of  the  numbers  ft  ±  v  is  an  odd  positive  integer. 


(5) 


m 

V 

*  V  « 

v  v 

*  i 

•v* 

>,s' 


'  tk'  #1*  ii  <4*  W*  Vk*  u‘  <1-  ||>  *■*>*■*!*' |*|* .*1* 
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We  shall  also  need  the  Wronskian 


K,+  x(z)Iv(z)  +  K„(z)Iy+x(z)  =  1  /z 


By  using  Eqs.  (4)  and  (6)  we  obtain  for  n  an  odd  positive  integer 


r  r 

^t’+'Kjttydt  =  2'+"_1r  - ■+■  1  r 


2v  +  n  +  1 
2 


-  (2 V  +  n  -  1, 


-z*'+nFK_1(z)3F0  1, 


1  —  n  3  —  2  v  —  n 
2  ’  2 


1  -  n  1-2  v  -  n 
2  ’  2 


However,  for  all  nonnegative  integers  n  we  find  by  using  Eqs.  (3)  and  (5) 

fV+"*,W  =  Ky(z)xF2  [  1;  ±±1.  2!L±sjt_ L.  £ 


I  ^"+2  K  (z)F  +  3  2v  +  n  +3  z2 

(n  +  1)(2?  +  «  +  1)  *r-,(Z),F2  ’  2  ’  2  ’4 


Equations  (8)  and  (9)  are  given  in  Ref.  2  for  y  =  0. 

We  define  the  following  Kampe'  de  Feriet  double  hypergeometric  functions  and  give  associated 
generating  relations  [4,5]: 


0: 1 ;  1  a;  0; 

L[a,  0;  y,S;x,  y)  m  F 2.Q.Q  .  x,  y 


1:0;  I  a  :  -  ;  0  ; 

Af[a,  0;  y,  6;  x,  y]  *  F  1;1;0  6;_.x,y 


0:2;  1  —  :  a,  0  ;  7  ; 

0[a,  0,  7;  fi,  v,  X;  x,  y]  =  F2;1;0  .  X;_.x,y 


|x  |  <oo,  j y  |  < 


lx  I  <00,  1  y  |  <  1 


X  <  00 ,  V  <  00 


00  ((*)  _m 

L[a,  0;  7,  6;  x,  y[  =  £  m - -  ,F;[0;  m  +  7,  m  +  6;  y | 

m=0  (7)m(*)m  m! 


00  (a)  m 

M\a,  0;  7.  6;  x,  tx|  =  £  -  -  - - -  ,FO[0.  -w,  1  —  6  —  m ;  — ;  f  1 

m  0 


2 
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a  x  (a)m(0)m  X™  ,  , 

(2(a,  p,  7;  v,  X;  jt ,  v]  =  £  —  ■-■--■■ - -  1^2(7;  m  +  n,  m  +  v,  >•]. 

m.Q  Wm(^)m(Mm  m! 


It  is  easy  to  see  that  the  function  L  is  a  special  case  of  Q : 

Q[a,  X,  0;  7,  5,  X;  x,  7]  =  I[a,  0;  7,  b;  x ,  v] 

REPRESENTATION  FOR  K*  z),  | a |  <1 

Integrating  the  right-hand  side  of  Eq.  (1)  term  by  term,  we  have 

,2  •<  mz  <*>  ~  2n  + 1 

n%  (W 


(12) 


n%  +  D! 


By  using  Eqs.  (8)  and  (9),  observing  that 


t 


v  +  2n  +1 


KM)dt.  (13) 


,2fl  +  1 


£  2-+inr(n  4-  1)I>  +  n  +  1)  — 

n= 0  <2w  +  ‘>! 


=  2”  T(1  4  k)  a  2F 1 


,  ,  3  ■> 

1,  1  +  v;  — ;  a' 
2 


and  taking  note  of  Eqs.  (10)  and  (11),  we  obtain 

Ke  (a,  z)  -  2“  HI  4  v)  a  2F, 


l  +  »\  l;  |;a2 


+  z’KJz)  1  zL 


1  ,31  a2z2  z2 

—  +  v,  1;  — ,  —  4  v,  — -,  — 

2  2  2  4  4 


—  2a  vM 


|+,_, 

2  4 


■“  4c,l 

3 

3  x  «V  ;2  1 

-aM 

1  ,  3  a2z2  2 

1  4x.I;_  .1  +  v\  ,  a‘ 

] 

2 

“2  ' 

2  4  4  1 

2  4 

J 

(14) 


We  readily  show  that 


lim  6M\ a,  (J;  7,  6;  x ,  v 
4-0 


=  Af  [a  4  1 .  j3;  7  4  1 ,  2;  t ,  v 
7 


from  which  it  follows  that 


lim  2 vM 

v-n 


v  4  1. 

7  7 

.  3  a  > 

1 ;  —  v\  - , 

=  —  a2z2M 

2.  1 

5  .  u2z* 

;  — ,  2  :  - .  ir 

2  4 

3 

2  4 

A  R  Mil. 1.1  K 


Since  Ky(z)  =  K_y(z),  iF, 

result 


1 ,  1 ;  — ;  a2  |  =  sin  '  la  /a (l  -  a2)1  2,  Eq  ( 14 1  tor 
K.{a ,  z)  =  (1  -  a2)- 1/2  sin' ‘a 


i'  ll  mu's  i he 


+  zK0(z )  i  L 


f, 

1  , 

3  1  .  a2z2  z2 

a3z  .  - 

5  a2z2  2 

3 

l 

[I’1 

’  2  ’  2  ’  4  ’  4 

2,1;  _  .  2;  ,  a1 

2  4 

J 

+  zK{(z)  1  zF 


L 

li 

3 

3  .  a2z2  z2  ’ 

-  aM 

1,  1 

;  1 

;  °V.a> 

l 

2 

’  2’ 

2’  4  ’  4 

2 

4 

J 


(15) 


Equation  (14)  is  valid  for  Re  v  >  -  1/2  and  |  a  {  <  1 .  It  is  shown  in  Ref.  4  that 
M[a,  1;  7,  6;  tx ,  f]  =  1  +  {>F|[ — i  X^2F if«.  1;  Y<  0  ~  1) 


ate 


276(6  +  1) 


Gil  +  a,  1,  1;  2  +  6,  3,  1  +  7;  tt,  jc). 


(16) 


This  equation  provides  the  corollary  that  A/[a,  1;  7,  5;  a,  f)  converges  on  the  unit  circle  |  r  j  =  1  if 
and  only  if  1;  7;  f]  does.  We  then  deduce  that  Eq.  (14)  is  conditionally  convergent  on 

|  a  |  =  1,  a  *  ±1  provided  that  |Rei»|  <  1/2. 


REPRESENTATIONS  FOR  K,  (a,  z),  |  a  |  <  od 

We  may,  however,  use  Eq.  (16)  to  better  advantage.  We  find 


M 


3  a2z2  2 

I  +  v,  I;  — ,  v,  - ,  a~ 

2  4 


=  1  + 


V(v)Iv^  ,(z)  ■<  2F, 


1  +  v,  I;  a - 


a2(z2/  4)2 


3v 


<  2^2  „2 

2  +  v,  1,  1;  2  +  v,  3.  — ;  —  — — 
2  4  4 


M 


'1 

,  ■  3  a'z* 

1  +  p.  1 ;  .  +  v:  .  a~ 

4- 

II 

r  n 

2  4 

y 

m  +  v)iAz  1 


,F 


+  v.  1 ;  — :  a  * 
1 


ir(z~/ 4)- 


3(2  +  k) 


Q 


2  *  f.  1.  I;  3  +  r.  3. 


5  rr 


2  4  4 


TOmwm'wy.v.Y/jraN 


.*  l.«  *••  I 


-  ic*  iLw  ¥_■<  X_T  XfK'  .  t.*  K,'  JCT  V  KT  w_w  F_- :  ViXT  K.'  V". 
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By  using  these  equations  with  Eq.  (14)  and  taking  note  of  Eq.  (7).  we  deduce 


where 


Ke{a,z )  =  2”  T(1  +  i>)  a  +  +  zv+{K  ,_,(z)B  „(a ,  z) 


.  ,  .  r  1  ,  ,  3  1  .  a2z2  z2 

Av(a,  z)  *  zL  —  +  v,  1;  y,  -j  +  p,  — ,  — 


+  S  2  +  1,  1;  2  +  3,  j;  T  -  2~ 


„  ,  ,  z  ,1,  ,.33,.  a2z2  z2 

BM-z)mTTTrL  I  +  + 


aV  ^  „  ,  ,  ,  „  ,  5  ah1  z1 

+  «sTVf  2  [2  4-  I.  I;  3  +  3,  — .  -  j  -  a. 

This  equation  is  valid  everywhere  in  the  complex  a  -plane. 

We  obtain  another  somewhat  simpler  representation  for  Ke  (a,  z ),  \a\  <  oo  by  using  Eq.  (13) 
together  with  Eqs.  (9),  (10),  and  (12): 


1  3  1  ah2  ~2 

Ke  (a,  z)  =  z‘,  +  1Ar,(z)  j  L  j  +  v,  1;  y,  —  +  »>;  -y— .  ~ 


+  f  0  I  +  1.  I:  I  +  ,.2. 


_  -  3  <7\-  -  ! 

^  4-  i/  ^  —  '  - - 


4(1  +  y) 


£  I  +  »',  1.  1;  2  +  I-,  2.  — ;  — 


» 


£ 

$ 

S: 


I 
1 

I 


§ 

£1 


I 


A.  R  MILLER 


REPRESENTATIONS  FOR  K,  (a,  z).  (a,  z) 

By  using  Eqs.  (14),  (17),  and  (18)  we  easily  obtain  the  following: 


Ks  (a ,  z)  =  2"  T(1  +  v)  a  2F \ 


1  +  V,  1;  y;  -a1 2 


- az '  \  2vK„(z)M 


.  .  ,3  ~a2z2  2 

1  +  p,  1;  y,  ~ — , 


+  zKv_l(z)M 


.  ,  ,  3  ,  ,  -a2z2  2 

1  +  v,  1 ;  — ,  1  +  v,  — — - — ,  -a 
2  4 


tf5(a.  z)  =  2T(I  +  »)a 


ahA 

z'KM)  Q 


5  -ah2  +  2 
2  +  «>,  1,  1;  2  +  v,  3,  4;  — ^r^-,  V 
2  4  4 


2va 


{sTJ  0 


5  —a2z2  z 2 

2  +  v,  1,  1;  3  +  v,  3,  — 

2  4  4 


az 


2  +  r 


a:  Az)Q 


1  +  k,  1,  1;  1  +  v,  2, 


2.  li 

2'  4  ’  4 


z/f„_,(z)  ^ 
+  —  ~  Q 


2(1  +  i0 

/C(a,  Z)  =  z'^KJz^ 


,  -,3  -a2z2  z2 

1  +  i>,  1,  1  2  +  v,  2,  —  - ,  — 

2  4  4 


->  i  2 


1  ,31  -a* 

—  +  »\  1;  — ,  —  +  i»;  - ,  — 

2  2  2  4  4 


,2+i. 


+ 


1  +  2v 


K,.x(z)L 


1  3  3  -a2z2  z2 

—  +  v,  1;  — ,  —  +  v,  - ,  — 

2  2  2  4  4 


These  equations  are  valid  for  \a  \  <  oo  except  Eq.  (19)  which  is  valid  for  \a  \  <  1. 
Eq.  (19)  may  be  written 


KAz)M 


1/2  sinh 

'a  +  az  j 

r 

a2z  „ 

,  +  f. 

■> 

-v  ~a'~ 

— —  rj 

v,  3 

4 

1  A 

j. 

.  ~«2 

1  |o  1  <  1. 

a  *  ±i 

For  i’ 


*» 

a" 
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REDUCTION  FORMULAS 


It  is  shown  in  Ref.  5  that 


eta,  1.  1;  y,  6,  0;  *,  *]  =  — 1  -  ,F2[1;  y,  6;  x) 

a  -  p  +  1 


+  - rrr  2Jp3H,  a  +  I;  7,  S,  0;  x] 

a  —  p  +  I 


where,  when  7  or  5  is  a  positive  integer,  we  find  the  following  useful:  for  n  =  1,2, 


1^2(1;  I  +  n,  1  +  v\  7]  =  —  n  (v  -  k)  -1  0/r1[ — ;  1  +  v  -  n;  7] 

y  k=  0  | 


n  - 1  yk 

/£>  (!  +  »'-  n)k  k\ 


We  may  show  by  using  Eq.  (20)  that 


,  1  3  3  z2  z2 

L  J  !;j.j  +K-.  - 


I  1  ,  .  3  1  z2  z2 

L  —  +  v,  1,  — ,  —  +  v\  — ,  — 

2  2  2  4  4 


By  using  Eqs.  (20)  and  (21)  we  arrive  at 


2v  sinhz  1 

- - - - +  - - —  cosh  z 

1  +  2*>  z  1  +  2v 


Q  2  +  r,  1,  1;  3  +  »,  3,  ~ 

2  4  4 


2  +  c  48  I  .  ,  „  „  2 

1~—  2v  -^7  j  cosh  x  -  2T{2  +  v)  —  Iv{x)  +  l  +  2v 


It  is  not  too  difficult  to  verify  that 


7  x2 

,F, 


=  — 1  x  sinh  x  -  4  cosh  x  +  x  +  4 


v'.N'.V  VA'.V.V,V.V.Vr.%.v".sV-'v-vV7'v'-NW.v'.V.V.V.v'.N*'Vr.v 
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Then  by  using  Eqs.  (20),  (21),  and  this  result,  we  find 

Q 


2  +  1,  1;  2  +  k.  3,  ,  — 

2  4  4 


1  24 

— — - — -  —  \  x  sinh  x  +  2v  cosh  x  -  4  T(2  +  v) 
1  +  2v  x  ! 


V  1 


—  j  / ^ _  1  (-V )  4-  2p(1  +  2v)  j 


We  may  show  directly  from  the  definition  of  Q  that 

Q\a ,  1,  1;  0,  7,  6;  x ,  y ]  =  ,F2[ l;  7:  v 


oa: 


+  ~z  r"  0  [a  +  1 ,  1 .  1 ;  0  +  I.7+  1.6+  1 :  .r  .  v  ] . 
P76 


In  particular,  we  find  by  using  Eq.  (21)  that 

Q 


a  +  1,  1,  1;  0  +  1,  2,  6;  — ,  — 

4  4 


40  r 

r  ■> 

_2 

J  “  r  l 

V 

^  ^ 

j-i 


r </3)/j_  ,<  v )  -  1 


5(0+1)  8 
Then,  using  this  result  and  Eq.  (24)  we  find 

Q 


->  •> 

a  +  2,  1,  1;  0  +  2.  3.  6  +  1:  — .  — 

4  4 


3  v-  v:  1 

+  i>.  I.  I;  2  +  v.  2.  — .  —  , 

2  4  4 


deduce 


4  f 

f  2 

—  S  cosh 

*  -  - 

AT  [ 

from  Eqs. 

(20)  and  (2 

+  v,  1.  1; 

1  +  v.  2.  ~ 

HI  +  <•)/,.<< 


x  ‘  v  * 
4  '  T 


1  2^  cosh  « 


1  +  2v  x 


(  sinh  x  -  —  !  I'<  1  f  r)l 


.  i'»> 


(28) 


•  I 
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Equations  (22)-(25),  (27),  and  (28)  may  be  used  together  with  Eqs,  M 7 )  or  (18).  the  identity  [3] 


z*,-,(z)  -  z  AT,  +  I(z)  +  IvKJLz)  =  0 


and  Eq.  (7)  to  obtain 


*,<1,  z)  =  <  K„(z)  +  K „+\(z) 


ezz,,+]  _  2V  rq  +  v) 
1  +  2v  1  +  2v 


Ke  ( - 1 ,  z )  = 


K(z)-K  (T)  \  dll 11  ,  ^m±_u) 

K'(Z)  \+2v  \  +  2v 


Equation  (29)  was  first  derived  by  Luke  [6]  in  1950  for  integral  v.  Another  derivation  for  these 
results  is  given  in  Ref.  1 . 

GENERALIZATION  OF  K*(a,  z) 

We  define  for  complex  numbers  a  and  z 

Ke  (a,z)  m  fVV/C „(')<*•  (30) 

„  »  JQ 


Analogously,  we  may  define  Ks  (a ,  z)  and  Kr  (a ,  z)  by  replacing  exp  (at)  by  sin  (at)  and  cos  (at) 
respectively  in  the  integrand  of  Eq.  (30).  For  convergence  of  the  integral  in  Eq.  (30).  it  is  necessary 
that  Re  (g  +  1 )  >  |  Re  v  \  . 

A  computation  similar  to  the  one  used  in  obtaining  Eq.  (9)  gives  for  Re(/i  +  I)  >  1  Re  v  1 


it,lK,{t)dt  = 

Jl  l 


H  —  i'  +  1 


r  r  i 

I  . .  _  j  ,  g  —  v  +  3  g  +  J'  +  1 

1:  1 - 5 - •  1 - 5 - :  — 


-Kt  !<•-> 

g  +  v  +  1 


,F\  1; 


fi  -  r  +  3  g  +  r  +  3 


Eq.  (9),  of  course,  is  ] ust  the  special  case  ^  ~  i>  +  n 


vcy  "W.  -V*.  <.  -V 

*  m*  «•  .'■Ak  «  A  A.-A  A  A  A  >  »  A  A 
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Kc  (a,  :)  = 


z  fz )  n  +  v  +  \  fi  —  v  +  1  |  fi  +  v  +  1  n  —  v  +  3  1  -a2z~  Z ~  j 

H  -  v  +  1  ^  2  ’  2  '  ’  2  '  2  '  "I*  4  *  T  1 


^  2  H-  »/  -E  1  /i  —  j<  +  1  j 

+  v  +  \)(n  -  v  +  \)  ^  2  '  2 


ft! 

^1*! 

W? 

v> 


H  +  v  +  3  fi  —  v  9-  3  J_  -a~z~  Z~ 
2  '  2  '  2'  4  '  T 


From  the  latter  two  equations,  the  representations  for  Ks  (a .  z )  and  K(  ( a .  z)  obtained  earlier  ma>  be 
deduced  by  setting  n  =  v. 

CONCLUSION 


i 


Various  representations  for  the  incomplete  Lipschitz-Hankel  integral  K,  (<; .  ; )  and  related 

integrals  have  been  given  in  closed  form  by  using  Kampe  de  Feriet  functions  in  two  variables.  These 

representations  should  prove  useful  in  numerical  computation.  In  addition,  reduction  formulas  for  the 

Kampe  de  Feriet  functions  associated  with  Kt.  (a .  z )  have  been  given 
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